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Abstract 

The dependence of the —>■ ir^l^ui'-f decay width on the T-odd kinematical variable, 
^ = [pi >^ 'Pn]/M^, is studied at the tree and one- loop levels of Standard Model. It is 
shown that at the tree level this decay width is the even function of C,, while the odd 
contribution arises due to the electromagnetic final state interaction. This contribution 
is determined by imaginary parts of one-loop diagrams. The calculations performed show 
that the ^-odd contribution to the — >• n^e^Uej and — >• 7r°/i+z/^7 decay widths is 
four orders of magnitude smaller than even contribution coming from the tree level of SM. 
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Introduction 



The study of rare radiative X-meson decays provide an interesting possibility to search for 

effects of a new physics beyond the Standard Model (SM). In particular, the search for new 
CP-violating interactions is of special interest. Contrary to SM, where the CP-violation 
is caused by the presence of the complex phase in the CKM matrix, the CP- violation in 
extended models can naturally arise due to the presence of, for instance, new charged Higgs 
bosons, which have complex couplings to fermions [1], hypothetical tensor interactions 
[2], etc. CP- violating effects can be probed with experimental observables, which are 
especially sensitive to T-odd contributions. Such observables are the rate dependence on 
T-odd correlation = j^P'y ■ [Pn x Pi]) in the K"^ — >■ t^^^'^vj process [3] and transverse 

muon polarization in the — > ii^v) decays [4]. The experiments conducted thus 
far do not provide the sensitivity level, which is necessary to analyze the differential 
distributions in the K"^ — > 7r°//^(e^)z/7 decays. However, new perspectives are connected 
with the planned OKA experiment [5], where expected statistics of ~ 7.0 ■ 10^ events for 
the Tc^fi^u^ decay allows one to perform detailed analysis of the data and either 

probe new effects or put strict bounds on the parameters of extended models. 

Searching for possible T-violating effects caused by new interactions in the K'^ — > 
7r°//+i/7 decays it is especially important to estimate the SM contribution to ^-distribution, 
which is induced by electromagnetic final state interaction and which is natural back- 
ground for new interaction contributions. 

The Weinberg model with three Higgs doublets [1,6] is especially interesting for the 
search of possible T- violation. This model allows one to have complex Yukawa couplings 
that leads to extremely interesting phenomenology. It was shown [3] that the study 
of the T-odd correlation in the TT^jjL^i/^ process allows one either to probe the 

terms, which are linear in CP-violating couplings, or strictly confine the Weinberg model 
parameters. 

In this paper, in the framework of SM we analyze the — > ir'^l'^i'ij decay width 
dependence on the kinematical variable C — Q' \pi PttI/M^- In general case, the width 
differential distribution, p(^) = dV/d^, can be represented as the sum of the even, feven, 
and odd, fodd, functions of ^. At the tree level of SM the odd part, fodd, does not contribute 
to the width distribution. We will show later that this effect is a direct consequence of 
the following fact: in the chiral perturbation theory the formf actors contributing to the 
matrix element do not have imaginary parts. However, the SM radiative corrections 
due to the electromagnetic final state interaction lead to the appearance of formfactors 
imaginary parts [7], that, in its turn, results in a nonvanishing ^-odd contribution in the 
— > Ti'^l^i'ij decay width distribution. In this paper we analyze this effect at the one- 
loop level of SM. The matrix element of the K'^ — > 7r°/+z/;7 decay is calculated in the 
leading approximation of the chiral perturbation theory, i.e. up to the terms of O(p^) [8]. 

To probe the T-odd effect we introduce, besides fodd, the ^-asymmetrical physical 
observable, which is defined as follows 

where and are the numbers of events with ^ > and ^ < 0, correspondingly. 
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One can see that while the nominator depends on foddiO only the denominator is 
proportional to feveniO^ ^^^^ makes this variable sensitive to ^-odd effects. 

As we will show later, the "background" SM one-loop contribution to fodd is severely 
suppressed with respect to feven {fodd/ feven ~ 10~^). This allows us to state that proposed 
observables, and fodd, sensitive to T-odd contributions, provide good chance to search 
for the CP-violating effects l:)cyond SM. 

Another variable, sensitive to the CP-violation, is the transverse muon polarization, 
Pt, which can be observed in the K'^ — > 7r°//+i/ and K'^ — > ii'^u^ decays [4,7,9]. As in the 
case of ,^-dcpcndcnce of the n^l'^vi^ rate, the presence of nonvanishing transverse 

polarization in SM is caused by the electromagnetic final state interaction. Though the 
Pr value is sensitive to T-odd effects, its measurement in the experiment seems to be 
cumbersome [10]. As for the A^ and fodd variables, their experimental measurement is 
much more easier, that is one of the main advantages of these variables in comparison with 
the transverse muon polarization. The low event rate of the processes, where these values 
can be measured, is considered to be as the disadvantage of these variables. However, 
the anticipated statistics on the ii^fi'^u^ process in the OKA experiment definitely 

allows one to use these observables to search for new CP- violating contributions. 

In the first section we analyze the K'^ — > tt^I'^ui^ decay width dependence on the 
T-odd correlation at the tree level of SM. In Section II we calculate SM contributions to 
the T-odd correlation, induced by one-loop diagrams. Last section contains the discussion 
and conclusions. 



1 -odd correlation at the tree level of SM 

The Feynman diagrams contributing to the K^{p) — {p')l~^ {pi)i^i{Pu)i{q) decay at the 
tree level of SM are shown in Fig 1. The tree-level amplitude for this process can written 
as [8]: 

T = ^eCe'^(?)*((V - A,^)u{p^)Y{l - l,)v{pi) + 

+ Y^u{Puh''{l - l5){mi - Pi - qhnv{pi)], (2) 



where 



V,.^zJ d'xe'''^7r\p')\TV^"^{x)K'-^'mK+{p)) (3) 
A,, j d'xe'^^{'K\p')\TV;^{x)Al-''mK^{p)). (4) 
and F^, is the matrix element of the iC^g-decay: 

F^ = {^\p')\vt'\m'-{P))- (5) 

Here p', pi, q, p^ p are the pion, lepton, 7-quantum, neutrino, and kaon four- momenta, 
correspondingly. In the leading approximation of the chiral perturbation theory A^^ = 
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and expressions for V^iy and can be written as 



V,. = Vr{g,.-^)+V,ip^q^-—W,q^) + -F^ 

= (Pl+Pu) 



^1 = ■5^2 



a/2' a/2p5 ■ 

So, the matrix element of the decay can be rewritten in the following form: 

T^^eV:,e^{qy.u{p^){l+^,). 

and the tt'^I'^i/j decay partial width can be calculated by integrating over the phase 

space. 

In Fig. 2 we present the differential distribution of the decay partial width in the 
X-meson rest frame over the three-momenta of final particles and the angle between the 
lepton and 7-quantum directions, calculated at the tree level of SM. For the case of the 
electron channel (see Fig. 2a) the bulk of the width value is collected in the region of small 
values of the lepton and 7-quantum momenta, maximal values of the pion momenta, and 
small angles between lepton and 7-quantum momenta. 

In the case of the muon channel (see Fig. 2b) the bulk of the width is collected in 
the region of intermediate values of lepton momentum, small values of the 7-quantum 
momentum, maximal values of the pion momentum, and small angles between the lepton 
and 7-quantum directions. 

Imposing the kinematical cuts on the 7-quantum energy and lepton-7-quantum scat- 
tering angle in the kaon rest frame, > 30 MeV and O^i > 20^, which are typical for the 
current and planned kaon experiments, one gets the following branching values: 

Br(ir+ ^ 7re+i/e7) = 3.18 • 10"^ 
Br(X+ ^ 7r/i+z/^7) = 2.15 • 10"^ , 

which are in a good agreement with earlier calculations (see, for instance, [8]) and existing 
experimental results [11]. 

Looking for possible CP-odd contributions we will investigate the decay width dis- 
tribution over variable ^ = q- \pi x Pir\/M^, which changes the sign under CP- or T- 
conjugation, 

P(() = f . (7) 

This distribution is an "indicator" for the T-violation effects. The p(^) function can be 
rewritten as 

P — feveniO + fodd{0 , 



4 



where feveniO foddiO ^^e even and odd functions of ^, correspondingly. The 
function foddiO can be represented as follows 

fodd = 9(e)^ . (8) 

It is evident, that after integration of the p{^) function over whole region of ^ only the 
feveniO function Contributes to the total width. In Fig. 3 we present the p{C)/^totai 
distributions for the — >■ 7r°//"'"t'/7 and — > Tr'^e'^i'ij decays. Indeed, one can sec 
from Fig. 3 that at the tree level of SM, where there are no any T-odd contributions, the 
distributions, as one could expect, are strictly symmetric with respect to the line ^ = 0, 
i.e. the numbers of events of the K'^ — > n^l'^ui^ decay with ^ > and ^ < are equal. 
This fact can be explained by following: in the case of the tree approximation of SM 
the matrix element squared is expressed via scalar products of final particles momenta 
only, and, consequently, there are no contributions linear over ^. So, the p(^) function is 
essentially even function of ^. 

Analysing the K'^ — > n^l'^ui^ data, it is useful to introduce, besides the p(^) distribu- 
tion, the integral asymmetry, which is defined as 

where and are the numbers of decay events with ^ > and < 0. It is easy to see 
that the nominator depends on foddiO only, which makes this variable highly sensitive 
to T-odd effects beyond SM. 



2 -odd correlation in SM due to the final state in- 
teraction 

Nonvanishing value of the A^-asymmetry as well as odd contribution to p(^) can arise in 
SM due to the electromagnetic final state interaction at the level of one-loop diagrams. 
The most general expression for the n^l'^ui'-f decay amplitude with account for the 

electromagnetic radiative corrections (implying the gauge invariance) can be written as 
follows: 

G 

Tone-loop = -^eT/*e*w(p^)(l + 75) • 

• (Ci(p^ - ^pr) + Csiip'r - —Pi) + C,{p^ - —Pi)p' 
V Piq Piq Piq 

+C-r{{pr - —pr)p' + C,{qp^ - {pqhn 

Piq 

+Cw{qPi - {Piqhn + CniqipT ' (p'qhl + CmY 
+Ci3P'{qp'' - {pq)Y) + Ci4P'(gpr - {piq)Y) 

+Ci,p'(q{pr - (P'qhn + CieP'qY)v(pi) , (10) 
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Where the Ci coefficients are the kinematical factors, which are due to one-loop diagram 
contributions. The matrix element squared with account for the one-loop contributions 
can be rewritten in the following form: 



Teven I ~l~ I TqiI^i | , ( 1 1 j 



'One—loop\ l-'-even] ~r l-i-odd 



where 



|T„,,|'^ = -2G^e2|KspmU(lm(CiK(2 4-^^ 



piq {piqY 



-lm{C^)mi{2— + A 



2' 



+Im(C5)(4 + 2m] + —{2m\ - 2ml + W 
—Appi — Apq — Ap'pi — Ap'q)) 

+Im{C,){2m]j% + 4^) + Im(C9)(8^ - 8^) 

[piq)^ Piq piq pq 

+Im(C,o)(8^ + SM _ 8^ - 8) + Im(Cn)(8^ + 8^ - 8^) 
piq pq pq pq piq pq 

+Im(Ci2)(4^ - 8^) + Im(Ci3)m,(4^ - 4^) 
pq Piq pq Piq 

+Im(C,)m,(4 + 4™-4!^^i-4M) 

pq piq pq 

,T ^ f.pp' .p'q .p'pi. 

+Im(c;i5)mi(4 4 4 ) 

pq pq Piq 

+Im(C,e)(-8 + 4^-4^ + 8^ 
pq pq pq 

_8^_8^-8^ + 4!^ + 8M)) (12) 
pq pq pq piq pq J 

As one can see from Eqs. ( [Tl| ) and (f2|), the nonvanishing contribution to foddiO 
(linear over ^) is determined by the one-loop electromagnetic corrections, which lead to 
the appearance of imaginary parts of the Ci formfactors. 

To calculate the formfactor imaginary parts one can use the 5'-matrix unitarity [7]: 

S+S = 1 . 

Using S' = 1 + iM, one gets 

Mf,-M:f = zY,M:fM^„ (13) 

n 

where i, /, n indices correspond to the initial, final, and intermediate states of the particle 
system. Further, using the T-invariance of the matrix element one has 



n 
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one-loop diagrams, which describe the electromagnetic corrections to the — >■ irl^i'i'-f 
process and lead to imaginary parts of the formfactors in (p!Ol), thus contributing to foddiO^ 
are shown in Fig. 3. Using Eq. (2) one can write down the imaginary parts of these 
diagrams, which give the nonvanishing contribution to foddiO- is useful to split the 
whole set of one-loop diagrams in to two groups. The first group contains the diagrams 
shown in Figs. 4a, 4c, 4e. The imaginary part of these diagrams can be written as follows: 



■Mh - m)r/^\^l'e*svip,) (14) 
{q + Pi)-mf 



The second group includes the diagrams shown in Figs. 4b, 4d, 4f. The corresponding 
imaginary part is 

■Mki - mWel l^~\;'^\ rv{pi), (15) 
{k^, - qy - mf 

where 

2piq 

The details of the integrals calculation entering Eqs. (14), (15), and their dependence on 
kinematical parameters are given in Appendix 1. Expressions for imaginary parts of the 
Ci formfactors are given in Appendix 2. 



3 Results and discussions 

Before discussing the numerical results, let us note that considering one-loop diagrams we 
neglected their contributions to the even part of the ^-distribution, as these contributions 
are considerably smaller than nonzero contribution to feven from the tree approximation 
of SM. However, in the case of fodd the tree SM contribution is equal to zero, thus the 
contributions to fodd coming from one-loop diagrams become essential. Analysing the 
— >■ TT^l^vi'-j width dependence on the kinematical variable ^ we separately consider two 
decay channels, — > vr^e+i/eT and — > 7r°/i"'"z/^7, since the functional ^-dependence 
of the width in these two case is essentially different. 

In Fig. 5a we show the ^-odd contribution to the differential width distribution, which is 
induced by the imaginary parts of one-loop diagrams shown in Fig. 3. In the kinematical 
region of the ^ parameter the value of the width distribution varies in the interval of 
(—2.0 -T- 2.0) ■ 10~^, and the sign of fodd is opposite to the sign of ^. As the total ^- 
distribution is the sum of the even and odd parts, it leads to the fact that in experiment 
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one will observe the surplus of the events with negative ^ values. The asymmetry value 
for this channel is 

A^{K+ ne+Ue-f) = -0.59 • 10"^ . 

In Fig. 5b we present the ^-odd contribution to the differential width distribution for 
the muon decay channel. The characteristic variation interval for this distribution is 
(—4.0 -7- 4.0) • 10~^, but the sign of fodd coincides with the sign of ^. This results in the 
surplus of the events with positive ^ values. The asymmetry value for this channel is 

A^{K+ 7r/i+z//,7) = 1.14 • 10"^ . 

This difference between the fodd behaviour in cases of electron and muon channels can be 
explained as follows: for the muon decay channel the contributions from imaginary parts 
of the Ci, Ci2, Ci3, and Cu formfactors become essential, while in the case of the electron 
channel their contributions are negligible (these contributions are proportional to mass of 
the lepton). 

It should be noted that the difference in the fodd behaviour for the electron and muon 
channels could be used to disentangle the SM radiative and new physics contributions: 
in extended models, where the CP-violation can arise at tree level, the sign of the ^- 
dependence is insensitive to the lepton flavor, as it takes place, for instance, in the Wein- 
berg model [1]. 

We would like to underline that for the both decay channels the fodd value is four 
orders of magnitude smaller than the tree contribution of SM. It allows to state that 
^-odd effects are severely suppressed in SM. Thus, the "background" SM contribution 
to the odd part of the ^-dependence leaves the "window" to discover new CP- violating 
effects in these decays up to the level of lO""'. 

Analysing the situation with the integral asymmetry one sees that for reliable 
observation of .^-odd effects from the asymmetry only one should have the data sample 
for these decays at least at the level of 10^ events. In this respect the analysis of differential 
^-distribution seems to be very important. 
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Appendix 1 



Calculating the integrals, which contribute to Eqs. (14) and (15), we use the following 
notations: 

P = Pi + q 

We present below either the explicit expressions for integrals, or the set of equations, 
which being solved, give the parameters, entering the integrals. 



J 
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TT P'^ — mf 



p2 



TT j{Pp) + I 



where 



{pk^) 21 \{Pp)-IJ' 
The Oil and hu parameters are defined as follows 



where 

_ (P^-m[) 

"12 - "^11 



= dP7-r\77- TT^ -2^ = -7TTTWo -7^^^ 



where 



{pkj){{pi - k^Y - mj) 2/1 (P2 _ mj) V {ppi) - hJ ' 
J2 ^ I dp- 2 = ~Tr In'^''^^''' ~^ 



{pi-k^y-mf 4/2 V(Pp, 



-^1 = (PPi)^ - ^l^K , 

7^^ = (PpO^-mfP^ 
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mf{P^-m^)J2 + {Ppi)Ju 

, ^ {Ppi){P'-nif}J2 + P'Jii 
' 2{{PpiY - m^P^) 

The integrals below are expressed in terms of the parameters, which can be obtained by 
solving the sets of equations. 

f 02 (Pp) + h2m]^ + C2(ppz) = J2 
I a2{Ppi) + &2(pPi) + C2mf = -| J12 
[ a2P2 + 62 (Pp) + C2(PpO = {piq)Ji 

r k°'k^ 

dp ,,,,, 2^ = a3^°^ + 63(PV + i'V) + C3(P>f + PV) 

+ hP'^pP + g^p^, 

' 4a3 + 263(Pp) + 2c^{Ppi) + 24(ppO + 53^1, + eWi + /3P' = 
c-i{PPi) + ^3"^i + /3(Pp) - fli = 
C3(Pp) + 4"^!- + 63 (PP;) - 61 = 
03 + h{Pp) + (^3(PP;) + fi'3"^|: = 
h{.PPi) + C3"^? + f?.{Ppi) = -\bii 
hiPpi) + dsmf + 5-3(^^0 = -|aii 
a3P2 + 2bsP\Pp) + 2csP\Ppi) + 2rf3(PpO(^P) + 

+e3(PpO' + /3(^')' + i73(Pp)' = (wg) 

2 = «4ga/J + fc4(P>f + PV) + C4P'^P^ + rf4Prpf , 

(p/ - k^Y - mf 

04 + d4mf + b^i^Ppi) = 
biirif + C4(Pp;) = -|ai2 

' 4a4 + 2^4 (Pp; ) +C4P^ + d4mf = 

^ a4P^ + 2b,P\Ppi) + C4(P^)2 + d,{PpiY ^^^^ J2 
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Appendix 2 

Here we present the explicit expressions for imaginary parts of the Cj formfactors via the 
parameters, calculated in Appendix 1. 

Ci = --^mi{4a3 + bsm]^ + dam'^j^ - 2a2m] + 2bsm'f - 2c2m'f + Gcsmf 

+2d3mf + Segmf + Sf^mf - b^ml - d^ml - 2b3{p'pi) 
-2d3{p'pi) - 2b3ip'q) - '^d^ip'q) - 4a2(Bg) + 463(^^9) - '^C2{piq) 
+8c3{piq) + 2d3{piq) + 2e3{piq) + GMpiq) + 2b3{pp') + 2ds{pp')) 

Cs = ^^(4a3 — Aa2mi + "ib^rrii — 4c2m; + Ac^rrii + M^rrii 

+2e3mf + 2/3m;^ - 4a2(p/?) + ^b^ipiq) + 4c3(p/g) + ^hipKl)) 

Cg = ^(2a3 + 63m|^ - a2mf + 63777,^ - C2mf + 2c3mf 

V 27r 

+ci3mf + 2/3771^ - b^ml - 2b3{p'pi) - 263 (p'g) - 2a2{piq) 
+2b3{piq) + 2c3{piq) + 4/3 (p^g) + 263 (pp')) 

Cio = — rf— a,im? — 61m? + 264m? + c^mf + (i4m? + 2a3{piq) 
V27r (pig) 

+a2m\{piq) - c^m^^piq) - fsm^ipiq) - e^ml^piq) 
+f3mf{piq) - a2ml{piq) + c^mlipiq) + hml{piq) 
-2a2{p'pi){piq) + 2c3{p'pi){piq) + 2f3{p'pi){piq) - 2a2{p'q){piq) 
+2c3{p'q){piq) + 2f3{p'q){piq) + 2/3(pig)' + 2a2(p/g) (pp') 
-2c3{piq){pp') - 2f3{piq){pp') - 2a2{piq){ppi) + 2b3{piq){ppi) 
+2c3{piq){ppi) + 2f3{piq){ppi) - 2a2{piq){pq) + '^h{piq){pq) 
+2c3{piq){pq) + 2f3{piq){pq)) 



(712 = -— ^=-- — -^[-2ai2mi - 2Jiimi - 2ai2[piq) 
4v27r (p^g) 

-4a4(p,g) + 2Jii{piq) - aiim]^ipiq) + bxim^ipiq) 
+8aimf{piq) + Sbimf{piq) - ib^mfipiq) - 2c4mf{piq) 
-2d4mf{piq) - AJ2m]{piq) - bnml{piq) - 2bu{p'pi){piq) 
-2bu{p'q){piq) + ^ai{piqf + 4a3(pig)' + 4bi{piqf - ^h{Piqf 

2 2 ^2 ^2 

-4c4(Bg) - ^hipiq) + 2a2mj^{piq) - 2b2mj^{piq) 
+2c2m\{piqf + 2g3m\{piqf + 8c3mf{piqf + 6e3mf{piqf 
+'^f3mf{piqf - 2a2ml{piqf - 2c2ml{piqf - 4.a2{p' Pi){piqf 
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-Ac2{p'pi){piqf - 4:a2{p'q){piqf - 4:C2{p' q) {piqf + 12c3{piqf 
+4:e3{piqf + Af-i{piqf + 2hii{piq){pp') + Aa2{piqf' {pp') 
+4:C2{piqf{pp') - 2aii{piq){ppi) - 4:bii{piq){ppi) + 2Ji2{piq){ppi) 
-8a2{piqf{ppi) - Ah2{piqf{ppi) + Ah-i{piqf {ppi) - 8c2{piqf (ppi) 
+8d^{Piqf {pPi) + 4:Ji{piqf{ppi) - 2aii{piq){pq) - Ahii{piq){pq) 
+2Ji2{piq){pq) - 4:a2{piqf{pq) + "^hiPiqfipq) - ^C2{piqf{pq) 
+4:d3{piqf{pq)) 

ot 

mi{2a2 - 63 + 2c2 - 2^3) 



V27r 

a mi 



(2ai + 2bi — 464 - 2c4 — 2^4 + a2{piq) + 'ic3{piq) 



V27r {piq) 
+2e3{piq) + h{piq)) 



cx 1 

— =-- — ^(-4ai2m;^ - 4Jiimf - 4.ai2{piq) - 8a^{Piq) + 4Jii(p;g) 

4V27r {piq) 

-2aiim\{piq) + lQaimj{piq) + 16bimf{piq) + bum^{piq) 
-SWm^ipiq) - Ac4mf{piq) - Ad^m^^piq) - 8J2mf{piq) 
+ 16ai{piqf + Aa3{piqf' + 8hi{piqf - Sbiipiqf - 8ci{piqf 
-2Ji2{piqf - 8J2{piqf - Ah2m\{piqf + Ag^mj^ipiq)^ 
-2a2m^{piqf - 2c2m^{piqf + 4c3mf{piqf + Ae^m^^piqf 
-4:a2{piqf + Ac3{piqf - 2au{piq){ppi) - Ahii{piq){ppi) 
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-Ahii{piq){pq) + Ui2{piq){pq) + "^hipiqf ipq)) 
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Figure captions 



Fig. 1. The Feynman diagrams for the — > n^l'^v^ decay at the tree level of SM. 

Fig. 2. Branching differential distribution over the pion, lepton, 7-quantum momenta 
and the angle between the lepton and 7-quantum in the X-meson rest frame for the 
cases of (a) electron and (b) muon decay channels. 

Fig. 3. ^-dependence of the K'^ — > n^l'^u^ branching at the tree level of SM for the (a) 
electron and () muon channels. 

Fig. 4. The Feynman diagrams contributing to the imaginary parts of formfactors (10) 
at the one- loop level of SM. 

Fig. 5. ^-odd contributions, fodd, to the branching differential distribution for the (a) 
electron and (b) muon decay channels. 
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